Abstract. We study some properties of a group defined by a non-initial three states automaton. We show that it is regular weakly branch, but noncontracting. This appears to be the first example of group with this property.
Definitions
An invertible non-initial automaton on a finite alphabet A is given by a finite set Q of states, with transition and exit functions: φ : A × Q → Q, ψ : A × Q → A. The automaton is invertible if the restriction of the exit function to any state, is a bijection from A to itself: (ψ q : A × {q} → A) ∈ S A , where S A is the group of the permutations of A.
Example: on the diagram 1 for the automaton A, the alphabet is A = {0, 1}, the states are a, b, and c, the exit functions are given by the element of S 2 associated to each state (ǫ is the non trivial element of S 2 ), and the transition functions are given by the arrows (labeled by elements of the alphabet). An initial automaton is an automaton with some state q declared as the initial state. Such an automaton acts (on the right) on the set of finite and infinite (on the left) sequences over A: the given sequence provides, by the transition function, a path in the automaton, starting at the initial state, and along this path, the exit function defines a new sequence over A. In the case of an invertible automaton, this defines an automorphism of A N . The group defined by an invertible automaton on an alphabet A, is by definition the subgroup of Aut(A N ) generated by the automorphisms defined by each initial automaton that can be obtained by choosing a initial state among the set of states. It acts naturally on a rooted tree of degree d = |A| whose vertices are identified with the set of words over the alphabet A. It also acts naturally on each level of this tree (the level n of a rooted tree is the set of vertices at distance n from the root, hence identified with the set of words of length n). We denote by ∅ the empty word, and also the root of the tree.
Let G be a group defined by an invertible non-initial automaton. To every element g of G, one can associate an element of the symmetric group σ ∈ S d , and d elements of G, g 1 , ..., g d as follows: the permutation σ is the restriction of g to the first level of the tree, {v 1 , ..., v d }, and for every i ≤ d, g i is the induced automorphism on the subtree T vi = {v, v i ∈ [∅, v]}. As G is a group defined by a non-initial automaton, the g i are naturally identified with elements of G, after the natural identification of T vi to T .
In other words, for any g ∈ G, one can describe g by g = (g 1 , ..., g d )σ where σ ∈ S d and g i ∈ G. This notation correspond to an embedding of G into the wreath product of G with S d , where the multiplication is defined as follows:
We denote by St(n) the maximal subgroup stabilizing the level n of the tree. If g belongs to St(1), then one can associate to g an element of G × G... × G, by considering, as before, its restriction on each subtree rooted in an element of the first level. This defines canonical projections Ψ i : St(1) → G on the i-th coordinate.
For each vertex u of the tree, we consider Rist(u) the subgroup of G that acts trivially everywhere excepted on the subtree T u = {v, u ∈ [∅, v]} associated to u, and for every integer n, Rist(n) is the subgroup generated by all the groups Rist(u) where the level of u is n. A group acting transitively on each level is branch if Rist(n) is a subgroup of G of finite index, for all n. It is weakly branch if |Rist(n)| = ∞ for all n.
Definition 2. A group G is regular weakly branch over a normal subgroup K if K = {1} and if K ≥ K ×K..×K (d factors each of which acts on the corresponding subtree T u , |u| = 1).
We already defined a projection of each element g ∈ G on each vertices of the first level. By iterating this process, we can define the projection of g on the vertices of any level. If u is a vertex, let g u ∈ G be this projection. We will also write:
′ where u ′ is the image of u by the automorphism g.
A group is contracting if there is a constant λ < 1 and C, L ∈ N, such that, for all vertex of level l > L, for all g ∈ G,
Proof of Theorem 1
The proof of each assertion will be given separately (Lemma 2, Proposition 1, Proposition 2, and Proposition 3) .
In our case, the alphabet of the automaton is {0, 1}, so that d = 2. The tree is binary, and each of its vertices is well defined by a word in 0 and 1.
The three generators of G are the following (written in the wreath product, with ǫ being the non trivial element of S 2 ):
2.1. Generators of the stabilizer of the first level, St(1). We use the classical method of Shreier; if we choose a set N of generators of G, and a set K of representatives of G/St(1), then a set of generators of St (1) is given by {S k,ν = kν(kν) −1 , ν ∈ N, k ∈ K}, wherex is the representative in K of the coset of x. It is an easy exercise to prove this, we refer to [6] chapter 1. Here we choose N = {a, b, c} and K = {1, a}, which gives (note that S 1,a = 1):
After elementary Nielsen transformations on this system (see [6] Chapter 1), we find a new system of generators for St(1) (first compute W 5 and W 4 , then W 2 and W 1 , then W 3 using W 4 ):
2.2. Fractalness, weakly branchness.
Lemma 1. In the group G, one has acb = bac = cba = 1.
The elements acb, bac and cba are conjugated to each other, thus it is enough to show that acb = 1. We will prove by induction on the level, that it is in the stabiliser of every level, hence it is the trivial element. One has acb = S 5 S 2 , therefore it is in the stabilizer of the first level. Assume that it is in the stabiliser of the level n. Note that acb = (cba, acb), and that cba is a conjugate of acb. Both cba and acb are in the stabiliser of the first level, therefore, acb is in the stabilizer of the level n + 1. This proves the lemma.
Lemma 2. The group G is fractal. The automorphisms of the tree defined on the first level by Z 1 = (a, a), Z 2 = (b, b) and Z 3 = (c, c) are elements of G.
= (c, b), and W 5 = (1, b −1 c), and the product gives Z 3 . From this (but also, more simply from the original system of generators), we see that the projections of the elements of St (1) on both subtrees of the first level generates G. Proposition 1. The group G is regular weakly branch over its commutator subgroup G ′ .
First note that G ′ = 1 because it contains aca
, and that cbc −2 = 1 (it is not in St (1)). We have to prove that 
Note that from this, we have that W 
The sum of powers of a (resp. b, c) that appears in the word W (Z1)
because it is the case for
5 , as we already noticed. Hence
Again, the sum of the powers of a (resp. b, c) appearing in the word on the left is 0. Therefore
A corollary about just non-solvability.
Proposition 2. The group G is just non-solvable, that is, G is non solvable, whereas every proper quotient of G is solvable.
We use, without proving it here, a general lemma appearing in [4] as Lemma 10 (see also [1] Proposition 3.7):
Lemma 3. Let G be a regular weakly branch group over K (i.e. K is normal subgroup of G, and
As G/G ′ is abelian, we only need to check that
Here is the expression of a system of generators, up to conjugation, of G ′ . aba
By elementary Nielsen transformations, we easily get this other system of generators, up to conjugation:
We see that the set of the powers of x 1 is a set of representatives for
is cyclic, hence solvable. This, with Lemma 3, proves the Proposition 2.
G is not contracting.
We now prove the last part of Theorem 1.
Proposition 3. The group G is not contracting.
We argue by contradiction. Assume that it is contracting. Then, there exists a finite set F ⊂ G such that for all g ∈ G, there exists m such that for all word w on the alphabet {0, 1}, of length |w| ≥ m, one has (see notations before Definition 3) wg = hw ′ , where h ∈ F. Consider g = c n = (c n , b n ), and w m = 00...0 of length m. We have for all m, w m c n = 00...0c n = c n 00...0
This implies that c n ∈ F for all n. But, since F is finite, we can find n 1 = n 2 such that c n1 = c n2 , and therefore, c is an element of finite order. But, since c n = (c n , b n ), b is also an element of finite order. As it acts on a binary tree, its order must be a power of 2. To get a contradiction, it is enough to prove Lemma 4, which provides, for each n, a word in 0 and 1 that is not fixed by b Lemma 4. Let X n be the word X n = 101010...1010 of length 2n + 2. One has (X n )b 2 n = 01X n−1 . More precisely, if n is even, the projection (see notations before Definition 3) gives (X n )b We argue by induction on n. It is easily verified for n = 0, n = 1. Suppose n > 1 is odd. Apply b This proves Lemma 4, and also Proposition 3.
